Given two distributions of finite order, we study regularity of their product. We prove that if f ∈ D ′ p (Ω), g ∈ D ′ q (Ω), and the model product [f ] · g exists, then [f ] · g ∈ D ′ p+q (Ω). In particular, this concerns Hörmander's wave front favorable product of distributions.
for all ϕ ∈ C ∞ 0 (K). 2. Set D ′ −1 (Ω) = ∅. We say that a distribution f ∈ D ′ (Ω) has order p if f ∈ D ′ p (Ω) \ D ′ p−1 (Ω).
We view the order of a distribution as a measure of its regularity (or, to be more precise, its singularity). Of course, this regularity concept is not so fine as we could desire because all regular distributions have order 0 and, for instance, the Dirac delta function has order 0 as well. However, it is doubtless that, if the order of a distribution f is strictly more than the order of a distribution g, then f should be considered more singular. 
for all model delta nets (ϕ ε ) ε>0 and is independent of the net chosen. Then the limit is called a model product and is denoted by [ 
exists in the sense of Definition 2. Then
2. If p and q are both equal to 0 or if they are both positive and the sets p-sing supp f and q-sing
Proof. We will consider the model product [f ] · g (the proof for the product f · [g] is similar). Using the Lojasiewicz definition of a section of distributions, for all ψ ∈ D(Ω) we have
(see [4, 7.12 
delta nets {ϕ ǫ } ǫ>0 and χ(x − y) is any element of D(Ω × Ω) identically equal to 1 in a neighborhood of {(x, y)|x = y}. Note that (1) does not depend on the choice of χ.
Observe that, for each y ∈ Ω, the product f (x)[δ(x − y)] exists. Furthermore, it is a smooth function in y. Rewrite the right hand side of (1) as
Fix an arbitrary compact set
Set
LetK denote the interior of K. We first show that
where ψ, Ψ ∈ C ∞ 0 (K) and C 1 depends only on K. It remains to note that the set of functions ψ(x)Ψ(y), where
Using the fact that u β (x, y) is smooth in y, let us obtain another seminorm estimate for u β (x, y).
We have
where C 2 ≤ mes(supp ψ ∩ supp Ψ) andỹ ∈ supp ψ ∩ supp Ψ. Note that, for each β ∈ N n 0 , the value ofỹ depends on ψ and Ψ. From the fact that the set {F y (x), y ∈ K} is weakly bounded we conclude (see [5, 1.4] ) that for some C 3 > 0 and m ∈ N 0 and for all y ∈ K and ψ ∈ C ∞ 0 (K)
Let us fix m 0 to be the minimum nonnegative integer satisfying the latter inequality. From (4) and (5) we conclude that, if m = m 0 , then
This means that
Lemma 1
, where m 0 is specified above.
2. The estimate (5) is true for m = p + |β|.
Proof. 1. Assume, to the contrary, that u β ∈ D ′ m 0 −1 (K ×K). We use the fact that the value ofỹ depends on ψ and Ψ, and that for any y ∈ K the value of F ψ,β (y) does not depend on Ψ. On the account of (4), there is a constant C 4 > 0 such that for all ψ ∈ C ∞ 0 (K) and Ψ ∈ C ∞ 0 (K) we have inequality
Let us now prove that the inequality (7) is true withỹ replaced by y (uniformly on y ∈ K), contradicting the fact that m 0 is the minimum value of m 0 ∈ N 0 satisfying (5) and thereby implying the required claim that
. Fix an arbitrary function ψ ∈ C ∞ 0 (K) and an arbitrary point y 0 ∈ supp ψ, and choose a sequence Ψ k ∈ C ∞ 0 (K) such that supp Ψ k ⊂ B ε k (y 0 ) with ε k → 0 as k → ∞. Here B ε (y) denotes the ball of radius ε with center at y. Consider (4) with the fixed ψ and with Ψ replaced by Ψ k . We have
where C 2,k ≤ mes(supp ψ∩supp Ψ k ),ỹ k ∈ supp ψ∩supp Ψ k , and lim k→∞ỹ k = y 0 . By continuity of F ψ,β (y),
Since F ψ,β (ỹ k ) for each k ≥ 1 satisfies the estimate (7), this estimate is true for F ψ,β (y 0 ) as well. Since ψ is an arbitrary function of C ∞ 0 (K), y 0 is an arbitrary point in supp ψ, and F ψ,β (y) = 0 for y ∈ supp ψ, we are done.
2. This item follows from Item 1 since u β (x, y) ∈ D ′ p+|β| (K ×K) and m 0 is the minimum value of m ∈ N 0 satisfying (5).
2
By Item 2 of Lemma 1, the estimate (5) is true for m = p + |β|. On the account of (2) and (5), we immediately arrive at the following conclusion: for each compact set K ⊂ Ω there exists C > 0 such that
This proves Item 1 of the theorem. Note that we have actually proved Item 2 in the case that p = q = 0. Assume now that both p and q are positive and p-sing supp f ∩q-sing supp g = ∅. There exist a compact set K ⊂ Ω and functions ψ, Ψ ∈ D(Ω) such that supp ψ ⊂ K, supp Ψ ⊂ K, andK ∩ p-sing supp f ∩ q-sing supp g = ∅. By Definition 3, there are such ψ and Ψ for which the inequalities (2) and (3) cannot be fulfilled with p and q replaced, respectively, by p ′ < p and q ′ < q. It follows that u β (x, y) ∈ D ′ p+|β| \ D ′ p+|β|−1 (Ω × Ω), whatsoever β ∈ N n 0 . Using in addition Item 1 of Lemma 1, we conclude that (5) does not hold for m < p + |β|. It follows that the estimate (9) is not true with p and/or q replaced by p ′ < p and/or q ′ < q. Item 2 of the theorem now follows from Item 1.
